Abstract. Let G be a finite group of order divisible by a prime p acting on an F vector space V, where F is the field with p elements and dim F V = n. Consider the diagonal action of G on m copies of V. This note sharpens a lower bound for β(F[⊕ m V ] G ) for groups which have an element of order p whose Jordan blocks have sizes at most 2.
Introduction
Let ρ : G → GL(n, F) be a faithful representation of a finite group G over the field F. is the ring of vector invariants. A solution to the problem of finding generators for this invariant ring is a first fundamental theorem for the particular representation ρ(G). For a more detailed introduction to invariants and the problems, we suggest [B] , [S1] , [S2] , [Stu] . As a consequence of a theorem of Noether [N2] , F[x 1,1 , . . . , x m,n ] G is finitely generated as an F-algebra. Moreover, if char F does not divide |G|, the order of the group, referred to as the nonmodular case, generators have degrees at most |G| no matter how large m is. However, there is no such upper bound depending only on the size of the group in the modular case, i.e., where char F = p divides |G|. Here we denote by β(m · ρ(G)) or simply β(G) the maximal degree of a generator of
G can be generated by invariant polynomials of degree at most β(G).
In the modular case, Richman proved in [R2] that there is a constant α depending only on |G| and the characteristic p of the ground field such that
for any finite group and for sufficiently large m. In particular, he also showed that
when F = F p is the prime field, with the refinement that
when G contains a pseudoreflection. For permutation groups, the given lower bounds are sharpened by Kemper and Stepanov independently to
Campbell and Hughes describe a generating set for the vector invariants of the 2-dimensional representation of the cyclic group of order p over F p in [CH] , proving a conjecture of Richman.
In this note, extending the result of Richman, we refine the bound (1) by considering the Jordan decomposition of a representation of an element of order p. More precisely, if there exists γ ∈ G of order p such that ρ(γ)'s Jordan blocks have sizes at most 2 and ρ(γ) has r nontrivial Jordan blocks, then
Note that we do not need any further assumptions on the group G or the representation ρ, e.g., we do not require any symmetry, or G to be cyclic, or any other property which may provide extra theoretical arguments. Moreover, it is known that an invariant ring in the modular case may fail to be Cohen-Macaulay, which makes computations rather difficult.
Since we consider the modular case, there exists an element of order p. The sizes of Jordan blocks of such an element may exceed 2, and these cases will be considered later. Here we consider only the cases where Jordan blocks have sizes at most 2 for two important reasons.
First, the generators of the invariant ring are known under the action of such an element (not the generators of the invariant ring of the whole group). This knowledge enables us to give sharp bounds.
Second, we are able to pass from a result for cyclic groups to a result for an arbitrary group. This is quite important since only little is known in modular invariant theory, and the known results mainly consider either the cyclic group Z/p or permutation groups.
Despite of the fact that the methods presented in this note are computational, it is possible to extend these computations to get results for arbitrary sized Jordan blocks over arbitrary fields contained in the algebraic closure of the prime field.
The paper is organized as follows. In Section 2, we single out a universal invariant and explain our approach with an important illustration. Jordan decomposition and monomial order depending on that decomposition are given in Section 3. Notations and arguments that simplify the proof of the main result are also collected in this section. Section 4 is devoted to the proof of the main result. Finally, extensions and sharpness of the main result are briefly discussed in Section 5.
can be thought of as the algebra of polynomial functions on ⊕ m V, where {x i,1 , . . . , x i,n } is a basis for V * , the dual space of the i-th copy of
Throughout this note F = F p is the prime field of characteristic p and G a finite group of order divisible by p. We suppose ρ : G → GL(n, F) is a faithful representation and identify G with its image ρ(G) in GL(n, F).
Since the action of G preserves the degrees, we will consider only homogeneous polynomials. So, any polynomial appearing in this note is homogeneous unless stated otherwise.
Cyclic subgroup
For m ≥ n define the following auxiliary polynomial:
where the sum is over all possible n-tuples (α 1 , . . . , α n ). The polynomial f 0 is invariant under the action of GL(n, F) by [R2, p. 30] and hence
Our aim is to first describe the generators of F[⊕ m V ] H and then to write f 0 in terms of these generators. The main result depends on the maximum number of (indecomposable) invariant factors that appear in any summand of a decomposition. 
Proposition 1. Let
Proof. Since the invariant polynomials h i are among the generators of
which completes the first part of the proof.
For the second part, assume to the contrary that f 0 can be written as a polynomial in the elements of
G having degrees smaller than the above bound. Since H ≤ G we obtain a contradiction to the first part.
Remark. This proposition is also an illustration of the main theorem, and here we consider a more simpler situation where the analysis of the invariants appearing in the decomposition (6) is missing.
Jordan decomposition and ordering
Without loss of generality, we may assume that γ is in its Jordan canonical form. As stated in the Introduction, we will deal with the case where all Jordan blocks have sizes at most 2 in this paper. Let r be the number of 2 × 2 blocks, and let s be the number of all blocks, so s − r is the number of trivial blocks. Then, we can write
where the J i 's are elementary Jordan matrices of order 2 × 2 or 1 × 1:
We can further assume, by reordering if necessary, that
where J i is an n i × n i matrix. Define the following partition of J for further use:
i.e., all J i are disjoint and J 0 J 1 J 2 = J . Moreover, the first index set, J 0 , lists invariant variables which may be split off. Thus
and in particular we have
Lemma 2. For each u k appearing in the above decomposition (9), we have
Proof. Let v be an arbitrary monomial appearing in f 0 . Then, by expanding (4) we obtain the coefficient of v:
Since it is not zero, deg {j} v is a nonzero multiple of (p − 1) for all j. In particular, deg {j} v ≥ p−1, and hence deg J 0 v ≥ (p−1)(s−r) (recall that J 0 has n−2r = s−r elements). Suppose without loss of generality that all u k appearing in (9) are distinct. For each u k , there exists at least one monomial v k appearing in the polynomial f 0 which is divisible by u k . Otherwise, f k is zero and u k does not actually appear in that decomposition. Writing v k = w k u k , where the monomial w k appears in f k , we note that deg
H , we get deg J 0 w k = 0, and hence
establishing the result.
We will use the graded lexicographical order induced by
The leading monomial of a polynomial f will be denoted by LM(f ). The term ordering defined above is compatible with the action of γ in the sense that LM(f ) LM(γ(f )). We direct the reader to [CLO] for a detailed discussion of monomial orders.
Lemma 3.

LM(f
Proof. First, we claim that the monomial But then, deg {j+1,. ..,n} v < (p − 1)(n − j), which implies that there exists j +1 ≤ ≤ n for which deg { } v < (p − 1) holds. Hence, by the same argument used in the first paragraph of the proof of Lemma 2, the coefficient of v in the expansion of f 0 cannot be nonzero, and the lemma follows.
Remark. As we will use the following in the proof of the main result, we note them here for the convenience of the reader: G contains an element of degree at least
Main result
where F is the prime field with p elements and V = F n .
To prove the theorem we need the following result from [CH] .
Theorem 5 (Conjecture of Richman). With the notations of the previous section, there are 4 classes of generators for the invariant ring
Proof. The action of γ is given explicitly by
and as noted earlier,
The result then follows from [CH] .
We need the following technical lemma.
Proof. When we expand the Tr(z), we get the following formula:
the J 2 -degree of a monomial is a nonzero multiple of p − 1 and in particular, at least p − 1.
Remark. The theorem can be proved using a weaker lemma, where we only require that deg J 2 LM(Tr(z)) ≥ p − 1. In this case, however, we need to redefine the monomial order in a more complicated way which makes it difficult to follow each step in the proof of main theorem.
Proof of Theorem 4. Let
H belong to one of the four classes described in Theorem 5. Comparing the degrees of both sides with respect to {x i,1 , . . . , x i,n }, we conclude that none of the h i 's on the right-hand side belong to the class N(x i,j ), as the degree of N(x i,j ) is p in this set of variables, whereas f 0 has degree at most p − 1.
Next, observe that there must exist h i 's belonging to the class Tr(z). Otherwise,
, and hence the J 1 -degree of LM(f 0 ) is at most the J 2 -degree of LM(f 0 ). This contradicts the fact that
There exists an exponent sequence a = (a 1 , . . . , a k ) with α a = 0 such that the monomial LM(f 0 ) appears in the expansion of h
Let τ a be the number of h i 's, counted with multiplicities, which belong to the class u (i,j)(k,l) , i.e., those belonging to the third class as stated in Theorem 5, and let ν a be the number of those belonging to the first class. Hence, a 1 + · · · + a k − τ a − ν a of them belong to the fourth class.
Note that for any monomial w appearing in the expansion of h Hence, we can approximate the number of factors in the given summand,
Since among h i 's there are τ a invariants of degree 2 and ν a invariants of degree 1, the product of the remaining h i 's has degree m(p − 1) − 2τ a − ν a . Thus, among those h i 's belonging to the class Tr(z), there exists a generator of degree at least In particular,
since m > n = s + r.
